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Consider the normalized Schrodinger equation

2 Pset 7, Questions 2 and 3 problem 3
W) =~ VW) ) o , | - » |
v . . We are interested in finding an approximate solution for the time-independent Schrédinger equation
with a potentil given by Variational Method A
Ey(r) = Hy(z)
oo y<0
v(y) = { In this case, we would like to use a trial wavefunction composed of two basis states
y* y>0
We are interested in developing an approximate ground state wavefunction and estimate for the PYe(z) = crua(z) + coua(x)
eigenvalue. Assume that the unnormalized trial wavefunction is Unfortunately, u1(z) and uz(z) in this case are not orthogonal or normalized. To make things
buly) = y67_3y2/2 simpler, assume that H, u (z) and ug(x) are all real, as well as ¢; and ¢s.
Use the variational principle to find constraints on ¢; and ¢; consistent with energy minimiza-
for y > 0, and 0 for y < 0. tion. Make sure that the trial energy is properly normalized in your solution.

m—

(a) Determine an expression for the variational energy e, as a function of the variational parameter

8- 9,
(b) Find the value of 3 which minimizes the trial energy. Phien 2 i
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Jonsider a classical state which at ¢ = 0 is given by
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Ve would like to develop an expansion of this function in terms of the SHO eigenfunctions; in
articular, we would like an expansion of the form

(x,0) = Zancbn

Ve know that the expansion coefficients can be computed in principle from

an = (pn|t(z,0))

Infortunately, the associated integrals are difficult to do in general. In this problem we are in-
srested in the possibility of making use of the creation and annihilation operators to achieve an
xpansion of this kind.
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(d) Find a classical state solution in terms of V (t), I(¢) and ©(t), and determine the associated
constraints.
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In this problem we are concerned with the development of a quantum mechanical model for an
LC-circuit with a nonlinear capacitor. For the classical version of the problem we can write circuit
equations of the form

111 tNn1s prol;)lem wWe are concerneda witll tne (levelopment oI a ql_l&IlELlHl mecnanical modadel 10r an
LC-circuit with a nonlinear inductor. For the classical version of the problem we can write circuit
equations of the form

o) = — 1% LC, nonlinear capacitor and inductor i) = C’%v(t)
& Ehrenfest’s theorem
d
i(t) = %q(t) v(t) = (@)

where i(f) is the classical current, where v(t) is the classical voltage, and where ¢(¢) is the charge
on the capacitor. We can write for the total classical energy

E = %Lz‘z(tHEq(q(t))

where E(t) is the electrostatic energy of the capacitor. The voltage in this case is derived from
the derivative of the stored energy with respect to charge
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where i(t) is the classical current, where v(t) is the classical voltage, and where A(t) is the flux
linkage of the inductor. We can write for the total classical energy

E = %C’fuz(t)jLEL(A(t))

where Ep(\(t)) is the magnetic energy of the inductor. The current in this case is related to the
derivative of the stored magnetic energy with respect to flux linkage
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There are a great many papers in the literature that focus on a model of a harmonic oscillator with
a dynamical mass, with a Hamiltonian given by
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Problem 4 Dealing with interaction matrix

In this problem we are interested in the Compton scattering of a photon from an electron in free
space using a nonrelativistic approximation. We make use of the Hamiltonian

H = [%E{]E([‘) “B(r) + %#(JH([') )+ (15 + eA(r))z;n(f) + eA(r))

where we have assumed for the charge of the electron

g= —lel = —e
For the initial state we take a free electron state normalized to the volume of a box (making

use of periodic boundary conditions for the electron), and a photon according to

1 .
_ iqir ot
‘IJi = ﬁeq (Ik 01|¢0>
and for the final state we have
U = ——elr rdkf +;20)
‘We require that
ki # kg i # 4ar

in order to ensure that a scattering event is modeled. Later on we will assume that the electron is
initially at rest

q — 0

(a) Evaluate the interaction matrix element

e2A(r) - A(r)
2m

)

Note that for photon scattering, there is one photon in the initial state and one photon in
the final state, so that terms linear in A will not contribute at lowest order.

(0| Hin| W3) = <‘I'f

(b) (Optional) There are various ways to proceed with the evaluation of the Golden Rule rate.
Perhaps the simplest for this calculation is to make use of

ZZ W g Hint |3 P6(E; — Ep(ay k)

af ky of

where we assume that a continuum approximation will be made for the evaluation of the
d-function in energy. For this part of the problem, carry out the summation over the final

electron momentum qy.
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